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Inspired by recent studies on string theory with non-geometric fluxes, we develop a differential 
geometry calculus combining usual diffeomorphisms with what we call /3-diffeomorphisms. This 
allows us to construct a manifestly bi-invariant Einstein-Hilbert type action for the graviton, the 
dilaton and a dynamical (quasi- )symplectic structure. The equations of motion of this symplectic 
gravity theory, further generalizations and the relation to the usual form of the string effective 
action are discussed. The Seiberg-Witten limit, known for open strings to relate commutative with 
non-commutative theories, makes an interesting appearance. 



I. INTRODUCTION 

String theory is expected to be a consistent theory of 
quantum gravity. In this respect, it is interesting to note 
that a generic feature of all known string theories is that 
besides the graviton, there exist two additional massless 
excitations, the Kalb-Ramond field B^ v and the dilaton 
<fi. At leading order, the dynamics of these fields is gov- 
erned by the extension of the Einstein-Hilbert action 
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Ge- 2 *[R- ±H 2 +4(c#) 2 ), (1) 



which has two types of local symmetries. Namely, it is 
invariant under diffeomorphisms of the space-time coor- 
dinates, and under gauge transformation of the Kalb- 
Ramond field. Note also, this action is a valid approxi- 
mation for solutions with large radii. 

Employing T-duality [1], methods of generalized ge- 
ometry and double field theory ^ has be- 
come clear during the last years that also a non-geometric 
frame exists, where the degrees of freedom are described 
by a metric on the co-tangent bundle, by a dilaton and 
by a (quasi-)symplectic structure (3 ab . The latter gives 
rise to so-called non-geometric Q- and influxes. In par- 
ticular, the i?-flux has been argued to be related to 
a non-associative structure [9H13I]. However, in con- 
trast to the well-established non-commutative behavior 
of open strings 14], the generalization to closed strings 
is more complex, as in a gravitational theory the non- 
commutativity parameter is expected to be dynamical. 

Since in the non-geometric frame, apart from the dila- 
ton, one deals with just a metric and a (quasi-)symplectic 
structure, it is natural to expect that both local symme- 
tries of the string action can be given a description in 
terms of a (generalized) differential geometry. Starting 
from so-called double field theory, this question has al- 
ready been approached in an interesting way i n Il5l [1(1 ] 
(see also pjj )■ However, the action derived in |l5l llfjj] is 
not manifestly invariant under both local symmetries. It 
is the objective of this letter to construct such a man- 
ifestly bi-invariant action for the non-geometric string. 



The appropriate mathematical framework for this turns 
out to be the theory of Lie and Courant algebroids 
[lil [l9j . which we will mention only briefly. More de- 
tails on the underlying mathematical structure of Lie al- 
gebroids and the details of the computations will appear 

in m. 

Here, we present the main steps of a construction of an 
Einstein-Hilbert type action, which is manifestly invari- 
ant under both usual diffeomorphisms and what we call 
/3-diffcomorphisms. This bi-invariant action turns out to 
be closely related to the action derived for non-geometric 
fluxes using double field theory [TH, HU. Remarkably, 
relations familiar from the Seiberg-Witten limit for D- 
branes in a two-form background also appear in this 
closed-string framework. 



II. /3-DIFFEOMORPHISMS 

As mentioned in the introduction, in addition to the 
dilaton, we consider the co-tangent bundle T*M of a 
manifold with metric g = g ab e a ® &b and an anti- 
symmetric bi- vector $ = \(3 ah e a A e& = fi ah e a ® e&, where 
our notation is e a = d a and e a = dx a . Note that f3 can 
be thought of as a (quasi-) symplectic structure giving 
rise to a (quasi-)Poisson structure {/,<?} = (5 ab d a f dbg, 
with Jacobi-identity Jac(/, g, h) = Q abc d a f dbg d c h. The 
i?-flux is defined as 9 abc = 3 fi^ m d m ^ , where the 
(anti-)symmetrization of indices contains a factor of 
(1/n!). Moreover, provides a natural (anchor) map 
/3» : T*M -> TM via fte a = (3 am e m . 

Compared to the standard differential geometry cal- 
culus, here, not only the tangent bundle but also the 
co-tangent bundle plays an important role. This suggests 
that the former principle of diffeomorphism covariance of 
gravity, the equivalence principle, should be extended by 
a second class of diffeomorphisms. Recall, that in the for- 
mer case, infinitesimal diffeomorphisms x a — > x a +£ a (x) 
are given by the Lie derivative S^X = L^X, which 
acts as the Lie bracket on vector fields and as the anti- 
commutator of the insertion map and the exterior differ- 
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cntial on forms. For the second class, that is infinites- 
imal transformations parametrized by the components 
of a one- form £ = (, a dx a , we note the following. The 
bracket, generalizing the commutator of vector fields to 
forms, is the so-called Koszul-brackct defined as 



(2) 



where i denotes the insertion map. In addition, let us 
define the action of a one-form on a function (j) by the 
anchor map: 

dx a {cj,) := ^{dx a ){cp) = P am d m ^ =: (3) 

Now, we can proceed as in ordinary differential geom- 
etry and define tensors by their infinitesimal transforma- 
tion properties. In particular, a scalar field is called a 
/3-scalar if it transforms as 



6pf> = = = U D r 
and a one-form rj is a /3-one-form if 
5 i r 1 = C i r 1 = [i,r{\ K 



= (£ m D m Va - r) m D m £ a + i mVn Q a mn ) e a , 



(4) 



(5) 



with Q c ab = d c /3 ab . The transformation properties of 
general /3-tensors are then determined by requiring the 
Leibniz rule of <J| for tensor products and contractions, 
which implies for instance that a /3- vector field X = X a e a 
transforms as 



5gX = C^X 



= (i m D m X a + X m D a i m - X m £ n Q m " a ) e a . 



(6) 



To continue, we have to fix the nature of the metric 
g ab and the anti-symmetric bi- vector f3 ab . The former 
should be a tensor with respect to both diffeomorphisms 
and /3-diffeomorphisms, while we require the latter only 
to be a tensor under diffeomorphisms. As will become 
clear below, it should transform under /3-diffeomorphisms 
non-covariantly 



6^ := C$ + p am P bn (cU„ - d n £ m ) e a « 
= U& nah e a ®e b . 



(7) 



Moreover, the variation with respect to £ should com- 
mute with partial derivatives, i.e. [o|, 9„] = 0. The 
Lie brackets of infinitesimal diffeomorphisms and /3- 
diffeomorphisms are 



(8) 



Ordinary differential geometry is based on the covari- 
antization of the partial derivative of tensors, however, 
because of 

^(d a </>) = + {D m (j>)(d a i m - d m i a ) , (9) 

under a /3-diffeomorphism the partial derivative of a 
scalar does not transform as a /?- vector. But, on the other 
hand, we have defined the transformation of /3 in eq. ([7)1 
such that the derivative D a <fi transforms precisely as a 
(3- vector, i.e. Sg(D a (p) — C^(D a <p). Finally, using one of 
the Bianchi identities derived in [l5|, [JJ| , we find that the 
influx is also a /3-tensor, that is S^Q abc = £^Q abc . 



III. COVARIANT DERIVATIVE, TORSION 
AND CURVATURE 



As established in the last section, the role played by d a 
in usual gravity theories is now taken by the derivative 
D a . Following the same steps as in standard differential 
geometry, we then define the covariantization of D a as 



V a X b = D a X b -T r ab X c 



(10) 



and the action on forms reads V a rj D = D a rjb + Fb ac Vc- 
Demanding that the covariant derivative is a /3-tensor 
requires that the /3-connection cancels the anomalous 
transformation of the first term, leading to 



A-(lY fc ) =D a (D b £ c -£ m Q c 



(11) 



with A| = <5| — £|. Under usual diffeomorphisms, f c ab 
needs to transform anomalously as 



A i (T c ab ) = -D a (d c e 



(12) 



Taking the commutator of two covariant derivatives 
defines the /3-torsion 



[V a ,V fc ]0 = -f c ab D c 0, 
which can be expressed as 



(13) 



fab = fab _ fba _ Qab _ ^ 

with Q c ab = Q c ab + e abm f3 mc . By construction, this is a 
usual tensor and a /3-tensor. The curvature is defined by 

[V a , V fc ] X c = -R m cab X m - f m ab V m A c , (15) 

leading to 



p cab D a ~P oc Tl 'P ac 4- T" 1 T 1 an 

lX m U 1 m U 1 m T" 1 n r m 

ac in bn /\ ab nc 



p ac y on O ab -p 



(16) 



The metric-compatible and torsion-free Levi-Civita con- 
nection takes the form 

f c ab = f c ab - g cq goW Q/ )q + \Q c ah , (17) 
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with 



f c ab = \g cp (D a g bp + D b g ap - D p g ab ) . (18) 



Note that one can check explicitly that (fTT|) has the 
right anomalous transformation behavior under diffeo- 
morphisms (|12[) and /3-diffeomorphisms (jTTJ) . 

For vanishing torsion, the Ricci tensor R ab = R m amb 
is symmetric and reads 



Rab = D m T 



p ba p ran 

r n r m 

p ma p nb 

r n r m 



(19) 



The Ricci scalar R — g a bR ab can be expanded as 



R= - 



(20) 



D a D b g ab -D a (g ab g mn D b g mn 

- \gab(D a g mn D b g mn - 2D a g mn D 

-g mn g Pq D a g mn D b g™ 

+ \gabg mn g pq Q P ma Q q nb + \g ah Q m nb Q n ma 

- gab g mn D a g pn Q bm + g ab g mn D a g mn Q p bp 



which is the same expression as in [16| if one substitutes 

Qa bC O Qa bC - 

IV. BI-INVARIANT ACTION 

After having defined a covariant curvature, we can now 
move forward and construct a bi-invariant action for the 
fields (g, f3, 0), where the dilaton <j> is chosen to be a scalar 
under both transformations. Since by construction Q abc 
is a tensor, the following combination 



C 
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R 



1 

12 



e^Salc + ^DW (2i) 



behaves as a scalar under both types of diffcomorphisms. 
Our aim is now to construct a bi-invariant action 



S = - 



1 

2^ 2 



d n xii(g,(3)£, 



(22) 



where /i denotes an appropriate measure. 

An obvious first choice would be /i = y/—g, however, 
using that g ab is a /3-tensor we find 



Dink 



(23) 



so that the sign in front of the last term does not com- 
plete the desired total derivative. Furthermore, one can 



show that the resulting action is not invariant under 
usual diffeomorphisms either. But because of the rela- 
tion = 2\p~ 1 \i m dJ mk +i m p mk d k 0- 1 \ for the 
absolute value of det(/3 _1 ), the missing terms can be ac- 
counted for by modifying the measure to /.i = y/—g |. 
Analogously, this new measure also ensures the diffeo- 
morphism invariance of the action. Thus, we have suc- 
ceeded in constructing the bi-invariant action 



S 



1 

2^2 



d n x v^ir 1 ] 
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(A- ^e abc e abc + 4g ab D a (l>D b 



(24) 



whose form closely resembles the universal part of the 
low-energy effective action of string theory ([T]). We call 
this theory symplectic gravity with a dilaton. Further- 
more, we expect that in the full string theory there are 
higher order corrections so that (PMl) is a valid approxi- 
mation for solutions with large radii g ab ~f >1. 

The equations of motion are derived by vary- 
ing the action ([Ml) with respect to the metric, the 
(quasi-) symplectic structure and the dilaton. Since f3 ab 
appears also through the D a derivative, this is a non- 
trivial computation. Employing the relation 



-g\$- 



v m x r , 



-gW-'l^Xv 



(25) 



we obtain the three independent equations 

o = R ab + 2v a vV - ±e Q " m e b m „ , 

= -±V m V"> + (V m 0)(V m 0) - ±Q mnr O mnr , (26) 







; V m 8 m "' + (V"V)9 r 



These feature the same form as the usual string-frame 
equations of motion derived from the action ([TJ . A more 
detailed derivation will be presented in [20| . 

Finally, a natural guess for the action of the massless 
bosonic states in the Ramond-Ramond sector is 



£RR \ ^ - » fja\...a n f?bi...b„ 

L ~ ~ 1^ Saib! ■ ■ ■ ga n b n t t 



(27) 



where F ai - a " = n V^C 02 - "] + 0(Q) and n is even 
(odd) for type IIA(B) theories. 



V. RELATIONS TO STRING THEORY 

Generalized geometry and double field theory sug- 
gest that the relation between the geometric and non- 
geometric fields is given by 



g= (G + B)- 1 G (G - B)- 1 
P = -(G + By 1 B {G - B)- 1 



(28) 



However, starting from the action (jTJ) and inserting this 
transformation, the computation in|15l. Il6j shows that 
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one does not find eq. (p4|) . But, observing that the rela- 
tion between the fields (G, B) and (g, j3) is formally the 
same as the one appearing in the study of D-branes in a 
two- form flux backgrounds, a second natural possibility 
arises. In particular, in the Seiberg-Witten limit [3], i.e. 
where a fluxed brane theory is effectively described by a 
non-commutative gauge theory, the relation between the 
two sets of fields reads 

B = P~\ G = -r 1 g$- 1 . (29) 

(Note that we are not taking a true limit G — > 0, that is 
we are not neglecting any terms from the action.) Now, 
a straightforward though tedious computation to be pre- 
sented in detail in [2(| shows that indeed the two actions 
([T]) and (j2~4")l are related via this field redefinition, i.e. 

S(G(gJ),B(gJ),<t>)=§(gJ,ct>). (30) 

As an immediate consequence, the action which appeared 
in [lJ [IH and eq. ([24| are related via the field redefinition 
p = 0-gp- 1 g<mdg=~g-~g ^9- 

Let us provide more arguments for the relation among 
the actions. Instead of the infinitesimal variations 6^ 
and 6g, consider 6^ and the linear combination S^X — 
Lipt^X — 5^X, where for our purposes X is assumed to 
be tensor with respect to diffeomorphisms but not neces- 
sarily with respect to /3-diffeomorphisms. We then find 

5fg ab = -2^ m (cU„ - d n U)g nW , 

5^ ab = -/3 am (d m i n ~ d n i m ) /3" b . ' ' ' ' ' 



Using then the transformation (|29[) . we can compute 
the resulting infinitesimal transformations S^G a b = and 
S^Bab = (9 m £„ - d n t[m), which is precisely the gauge 
transformation of the Kalb-Ramond field B. Thus, also 
the local symmetries map correctly under (|29|) . 

VI. CONCLUSIONS 

We close with some comments on open questions and 
future directions. It would be interesting to study solu- 
tions to the equations of motion (|26|) of the novel sym- 
plectic gravity action. In particular, we expect analogues 
of the elementary string and the solitonic five-brane so- 
lution. It would also be interesting to compute next to 
leading order terms in the action and to include space- 
time fermions, as well as to study the up-lift of symplectic 
gravity to M-theory. 

The presence of a dynamical (quasi-)Poisson structure 
and the appearance of the Seiberg-Witten limit in relat- 
ing the non-geometric frame to the geometric one sug- 
gests that it might be possible to perform a deformation 
quantization of the classical symplectic gravity action. If 
that is feasible, we expect the non-associative structures 
observed in [lfj [H| to play an essential role. 
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